Parrondo's paradox is ubiquitous in games, ratchets and random walks.The apparent paradox, devised by Juan M. R. Parrondo, that two losing games A and B can produce an winning outcome has been adapted in many physical and biological systems to explain their working. However, proposals on demonstrating Parrondo's paradox using quantum walks failed in the asymptotic limits. In this work, we show that instead of a single coin if we consider a two coin initial state which may or may not be entangled, we can observe a genuine Parrondo's paradox with quantum walks. The implications of our results for observing quantum ratchet like behavior using quantum walks is also discussed.
I. INTRODUCTION
Parrondo's paradox consists of a sequence of games, individually each of which are losing games but provide a winning outcome when played in a deterministic or random order. It has been shown that Parrondo's games have important applications in many physical and biological systems [1] [2] . Quantum version of Parrondo's games were introduced in Refs. [3] [4] [5] [6] . Quantum version of the classical random walk on other hand was introduced in 1993 in Ref. [7] . In Refs. [3] [4] [5] [6] Parrondo's games are explored using 1-D discrete time quantum walk(DTQW). When a game is played, the net expectation of position of the walker defines a win or a loss. It has been already shown that quantum walk version of Parrondo's paradox does not exist in the asymptotic limits [3] - [4] . The need for studying Parrondo's games via quantum walks is necessitated by the search for applications in building better algorithms [8] and to explain physical process like quantum ratchets [9] .
II. MOTIVATION
Our motivation in this work is to implement a genuine Parrondo's paradox via quantum walk. We show that while previous attempts at implementing Parrondo's paradox with quantum walks failed in asymptotic limits [3] - [4] our method using two coin initial states gives a genuine Parrondo's paradox even in the asymptotic limits. Parrondo's game as originally introduced in Refs. [10, 11] is a gambling game. A player plays against a bank with a choice of two games A and B, whose outcomes are determined by the toss of biased coins. Each of these games is losing when played in isolation but when played alternately or in some other deterministic or random sequence (such as ABB . . . , ABAB . . ., etc.) can become a winning game. Owing to this counter-intuitive nature, Parrondo's games are also referred to as Parrondo's paradox. The apparent paradox that two losing games A and B can produce a winning outcome when played in an alternating sequence was originally devised by Juan M. R. Parrondo as a pedagogical illustration of the Brownian ratchet [11] . Parrondo's games have important applications in many physical and biological systems, e.g., in control theory-the random/deterministic combination of two unstable systems can produce a overall stable system [1] .
The 1-D discrete time quantum walk implementation of Parrondo's paradox is as follows: Consider two games A and B alternately played according to time. Game A and B are represented by different quantum operators
The initial state of the quantum walker is
, where first ket refers to the position space and second ket refers to the single coin space which is initially in a superposition of heads and tails. The shift in the position space, say from |n to |n − 1 or |n + 1 , is defined by a unitary operator called shift operator(S) defined as, Games A and B are played alternately in different time steps, i.e., game A is played on time steps t = nq and game B is played on time steps t = nq, where q is the period and n is an integer. The evolution operator can be written as:
and the final state after N steps is given by
, it means we play games with the time sequence ABBABB . . . As denoted in Fig. 1 , after N steps, if the probability P R of the walker to be found to the right of the origin, is greater than the probability P L to be found to the left of the origin, i.e., P R − P L > 0, we consider the player to win. Similarly, if P R − P L < 0, the player losses. If P R − P L = 0, it means the player neither loses nor wins, it's a draw. By making use of the above scheme, Parrondo's games using 1-D DTQW are formulated. We use P R − P L to indicate the player win or lose and not expectation value of position because as already shown in Refs. [4] expectation value may be positive but P R − P L may ybe negative this would be an absurd result. The game is constructed with two losing games A and B having two different biased coin operators U A (α A , β A , γ A ) and U B (α B , β B , γ B ), if we set Fig.2(a) . We form a game with sequences ABBB . . .. This results in winning at the beginning but in the asymptotic limit the player will lose as in Fig.2(b) , one can check for different sequences like ABAB . . . ABBABB . . . etc. and in all cases in the asymptotic limits we lose. Hence Parrondo's paradox does not exist in case of 1-D DTQW. This fact was noted in Refs. [3, 4] also. In particular, Ref. [3] shows with many different sequences like ABAB.., AABAAB.., etc, in asymptotic limits there is no Parrondo's paradox. Hence our motivation to find circumstances for the existence of a genuine Parrondo's paradox in quantum walks.
III. PARRONDO'S PARADOX USING TWO COIN INITIAL STATE
As in the previous section, the elements of our two coin quantum walk are the walker, coins, evolution operators for both the coins, walker and a set of observables. The walker is a quantum system with its position denoted as |position residing in a Hilbert space of infinite but countable dimension H P . The basis states |i P which span H P , and any superposition of the form i α i |i p which are subject to i |α i | 2 = 1, are valid states for the walker [12] . The walker is usually initialized at the 'origin', i.e., |position 0 = |0 P .
The two coin initial state is a quantum system in a 4-D Hilbert space H EC . We denote the two coin initial state as |coin 0 , which may or may not be entangled-
The initial state of the quantum walker resides in the Hilbert space H T = H P ⊗ H EC and has the form: which using Eq.4, gives |ψ 0 = |0 ⊗ cos θ 2 |10 + i sin θ 2 |01 Evolution operators used are unitary as before and since the coin is a bipartite system, the coin is defined as the tensor product of two single-qubit coin operators:
where k,l can be any of the Game A and B. The evolution operator is fully separable, thus any entanglement in the coins is due to the initial states used. The conditional shift operator S EC allows the walker to move either forward or backward, depending on the state of the coin. The operator (6) incorporates the stochastic behavior of the random walk with a two coin initial state. It is only when the coin is in the |00 or |11 state that the walker moves either forward or backward else the walker does not move. The full evolution operator has the structure U T = S EC .(I p ⊗ C EC ) and one can mathematically represent a two coin quantum walk after N steps as |ψ N = (U T ) N |ψ 0 , where |ψ 0 denotes the initial state of the walker and the coins. As defined before, winning and losing in context of Parrondo's game, after N time steps if the probability P R of the walker to be found to the right of the origin is greater than the probability to be found left of the origin, i.e., P R − P L > 0 we consider the player to win. However if, P R − P L < 0 then the player loses and if P R − P L = 0 it implies a draw. In order to obtain a genuine Parrondo's paradox the two games A and B are now played on the two coin space as follows: U A ⊗ U B is operated on the two coins and in the next step U B ⊗ U A is played on the two coins. Thus, for the first coin we have the series ABAB . . . while on the second coin we have BABA . . .. The coin operators can as before be defined as- 45, 0) and are played alternately in time, i.e, in sequence XY XY . . . and the plot for P R − P L as shown in Fig.3(a) is obtained. It is evident that the sequence XY XY . . . provides a winning outcome for two losing games even in asymptotic limits. The fact that individually the sequence AAA . . . on first coin and BBB . . . on second coin give a losing outcome can be seen from P R − P L plot in Fig.3(b) . 
IV. DISCUSSION
From Fig.3 we can conclude that one can obtain a genuine Parrondo's paradox with a non-entangled or a partially entangled two coin state using quantum walks. When a single coin was considered from Fig.2 the outcome of Parrondo's games did not give rise to the paradox in the asymptotic limit. In order to obtain a genuine Parrondo's paradox, what is needed is a two-coin state. Maximally entangled coins lead to a draw as the probability distribution is perfectly symmetric as noted before in Ref. [12] , on the other hand non-entangled or partially entangled coins lead to a Parrondo's paradox. Further, in Fig. 4 , we plot the amount of entanglement present in a quantum system, i.e., the concurrence [13] . The concurrence is zero for a separable state and one for a maximally entangled state. Fig.4 shows the concurrence for our arbitrary two coin state as a function of θ. One sees that Parrondo's paradox is observed for 0 < θ < π/2 and 3π/2 < θ < 2π with the definition as in Fig. 1 . In the region π/2 < θ < 3π/2 there is a role reversal and thus our definition for Parrondo's paradox as used in Fig. 1 is also reversed.
V. CONCLUSION
Our goal in this work was to show evidence of a genuine Parrondo's paradox using quantum walks and we show this using a two coin state. We also considered entanglement between the two coins and showed that maximally entangled states do not show any paradox while non-entangled as well as partially entangled states do show the paradox. Our work can be considered as a demonstration of a quantum ratchet too, implying particle transport against an applied bias in presence of noise or perturbations. In our case the noise parameter can be considered to reduce entanglement, thus looking at Fig. 4 , from zero asymmetry in probability distribution, i.e., non-directed transport, when there is maximal entanglement to finite asymmetry in probability distribution, i.e., directed transport when there is no entanglement, is a clear marker of quantum ratchet like behavior in our system. The quantum ratchet analogies in
